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Problem 1. Let A, B,C be N x N Hermitian matrices with C = A+ B. Letag > -+ >
an,B1 > - > Bn,71 = -+ > N be the eigenvalues of A, B,C, respectively. For any
1<k <N, prove that

Y+t < (arFagtop) + (B4 Bo A+ B).

Solution. Let Fg be the set of all k-tuples of orthonormal vectors in CV, i.e., ngv =
{(v1,...,v%) € (CNY* : wiv; = & for all 4,5}, where §;; is kronecker delta. Now we

claim that if P is N x N Hermitian matrices then MAX (o )erdy Zle v} Pv; exists and

(2
is equal to the sum of k largest eigenvalues of P. If this claim is true, then we can easily

prove the goal inequality by

k k k
max NE v;Cv; <  max g v; Av; +  max E v; Bo;

(vl,...,vk)el“k i—1 (vl,...,vk)GFkN i—1 (vl,...,vk)eFkN i—1

=Syttt w S (atazt o)+ (B4 Bo o+ Br).

At first, we need to mention that for any v € CV, we have v*Pv = (v*Pv)* =
(v*P*v) = (v*Pv) so (v*Pv) € R. Additionally, the set I'Y is a compact subset of
(CM)* and the mapping (v1,...,vg) Zle v} Pv; is continuous. It implies the value
MAX (4 )eTN Zle vy Pv; exists. Now we may assume that P is real diagonal matrix
(the diagonal entries are exactly the list of the eigenvalues of P), because if @ is N x N
unitary matrix and (vi,...,vx) € Fiv then (Quy,...,Qug) € F,JCV holds. Moreover, we
may assume the diagonal entries are sorted in descending order.

Let v; = (vi1,...,vn) for each i = 1,...,k then we have 1 = |v;||> = Z;VZI |vsj |2
for each i = 1,...,k. Also one can observe that Zle lv;j]> < 1 for each j = 1,...,N.

It is because if we make a N x N unitary matrix U which has vy,...,v; as columns



then U*U = I = UU"* so every columns of U* are orthonormal. Let \; > --- > Ay be
the diagonal entries of P and let [; = Zle |v@-j|2 for j = 1,..., N then Zle viPv; =

(2
Z;VZI )‘jlj72§\[:1 lj =k 0<lj<1lforall j=1,...,N. By greedy algorithm, the value

S viPu; = YN Ajly is maximized when Iy = ...l = 1,041 = 0,...,Iy = 0.

Actually, if we set v; = e; for i = 1,...,k then the value Ele vy Pv; is maximized and

equal to ]?: A;. It proves the claim is true, and ends the proof.
j=1"





